COMPLEX GEOMETRIC OPTICS FOR SYMMETRIC 
HYPERBOLIC SYSTEMS II: NONLINEAR THEORY IN ONE 

SPACE DIMENSION 



OMAR MAJ 



Abstract. This is the second part of a work aimed to study complex-phase 
oscillatory solutions of nonlinear symmetric hyperbolic systems. We consider, 
in particular, the case of one space dimension. That is a remarkable case, 
since one can always satisfy the naive coherence condition on the complex 
phases, which is required in the construction of the approximate solution. 
Formally the theory applies also in several space dimensions, but the naive 
coherence condition appears to be too restrictive; the identification of the 
optimal coherence condition is still an open problem. 



1. Introduction 

This paper constitutes the second part of a work dedicated to the analysis of 
oscillatory waves with complex phases, the theory of which is usually referred to 
as complex geometric optics in the applied literature. More specifically, in the first 
part ([0, referred to as Part I throughout the paper), complex geometric optics for 
linear symmetric hyperbolic systems have been put forward as a preparatory study 
for nonlinear systems; now we move to the case of quasilinear first-order systems in 
a single spatial dimension. The general problem in several space dimensions is still 
open. The reason is that a coherence hypothesis on the complex phases is needed in 
order to control the resonance of waves, but the naive condition, obtained naturally 
from the formal analysis, appears to be too strong; the identification of the optimal 
coherence hypothesis is closely connected to the formulation of the appropriate class 
of profiles, cf., section ||. 

When resonances occur, coherence conditions are crucial even for real-phase os- 
cillatory waves, i.e., in the standard nonlinear geometric optics. Resonances have 
been clearly identified by Hunter and Keller |Q and the theory for resonantly inter- 
acting waves with real phases has been achieved by Majda and Rosales in one space 
dimension, and by Hunter, Majda and Rosales for several space dimensions, [Q. 
An important result of such works is that, in several space dimensions, a strong 
coherence hypothesis on the phases is required in order to avoid hidden focusing, 
i.e., focusing of phases generated through resonant interactions; then, these results 
have been further developed and refined in the rigorous analysis of Joly, Metivier 
and Ranch, both in one § and several space dimensions A careful analysis 
of the coherence and focusing, including a number of clarifying examples, is also 
given by Joly, Metivier and Ranch Q . An account of the main developments of the 
theory can be found in the lectures by Ranch [0 and in the review by Dumas 0]. 
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In our case, the main simplification in one single spatial dimension is that no 
difFraction effects are present in the following sense. In complex geometric optics, 
diffraction is described as a coupling between the equations for the real and the 
imaginary part of the complex phase; in one space dimension such equations are 
decoupled. This allows us to make use of the naive coherence condition which, in 
addition, turns out to be always satisfied. 

In several space dimensions, diffraction sets in; when the naive coherence hy- 
pothesis is satisfied, the theory developed here is still applicable (after a straight- 
forward generalization). However, one can readily recognize that such a hypothesis 
is violated even in very simple cases. 



2. Assumptions and Main Results 

Let us consider the quasilinear system, 

L{t, X, u, du) — dtu + A{t, X, u)dxU + F{t, x, u) = 0, (2.1) 

for u{t, x) G C''^ and {t, x) € R^. Here, A{t, x, u) and F{t, x, u) are smooth functions 
of {t,x,u) with values in the space End(C''^) N x N complex matrices and in 
C^, respectively; particularly, smoothness with respect to the complex variables 
u means that the functions are real-differentiable with respect to (u,u), with the 
dependence on the complex conjugate u being always implied. We shall consider 
solutions in a bounded open set C E,^ taking values in an compact set K C C^. 
To some extent, we shall address the semilinear case separately; we recall that 



(2.1) is called semilinear when the matrix A is independent on the unknown u. 



Assumption 1. If the system (2.1) is semilinear, F{t,x,u) is a polynomial in 
{u,u) with F{t,x,0) = 0. 



Assumption 2. The system (2.1) is symmetric and strictly hyperbolic in fl x K, 
that is, the matrix A{t, x, u) is Hermitian in a neighbourhood of fl x K and its 
eigenvalues Xi(t,x,u) are distinct with a uniform bound on the distance. 

In the quasilinear case we consider solutions that are small perturbation of 
a known exact solution uq G C°^'{Q;K) and we define the matrix Ao(t,x) = 



A(t,x,UQ(t,x)). Then, the principal symbol of the differential operator (2.1) lin- 
earized around u ^ uo is 

aLoit,x,T,0=i{r + Aoit,x)0, (r, G \ {q}, (2.2) 

where Lo{t, x, d) = dt + Ao(t, x)dx denotes the principal part of the linearized oper- 
ator; the same principal part is found for the semilinear case without linearization 
and with AQ{t,x) = A{t,x). 

Over n, the characteristic variety of Lq, i.e., the locus of det(TL(,(t,a;,T, ^) = 0, 
amounts to a set of smooth disjoint submanifolds of T*R^\0 (the cotangent bundle 
without the zero section) given by 

fl{t,X,T,£,) = T + Xifi{t,x)^ = 0, 

where // are the distinct eigenvalues of aLo and Xifi{t,x) — Xi{t, x,uo(t, x)). More- 
over, we note that the eigenspaces of ctlq are exactly the same as the eigenspaces 
of Aq, thus, in particular, they do not depend on ^. Let us denote by 'ni(t,x) be 
the projector on the /-th eigenspace. 



COMPLEX GEOMETRIC OPTICS FOR SYMMETRIC HYPERBOLIC SYSTEMS II 3 

As in the linear complex geo metr ic optics 0], for T > and x G R, we shall 
address the Cauchy problem for ( |2.lD on the domain of determinacy 

H = {{t, x) eR^:0<t<T,\x-x\< p~ ct}, 



where p > cT and c is the finite propagation speed for the system (2.1) so that 

cl + A{t,x,u)x/\x\ >0, {t,x,u) € fl X K, 

I being the identity matrix. We shall denote X*' — Ur]{t — t'} the space-like slices 
and by X* the interior of the closed interval X*. Data are given at t = in the 
form 

u^t^oix) ^uo{0,x)+eh''{x), x e (2.3) 
in the quasilinear case and 

4=oW = ^'W: xeX^, (2.4) 
in the semilinear case with 



Here, ip = (V'^) G C°°(X°;C™) is a complex phase in C™ and /i^ e C°°(X°;C^) 
are the amplitudes. As in the linear theory we have the following definitions and 
assumptions. 

Definition 2.1 (Complex phase). Form > integer, (f> G C°°{0; C™) in a bounded 
open set O C R" is a complex phase iff, for each component cj)^ — ^Pfj, + Xfj,y one 
has diff^ =/= and ^ 

Assumption 3. The locus of limp ^{x) = amounts to the set of points x° ^ G X°, 
£=1,2,..., = iff{p,e)^{ii',l') and d^lmM^li) > 0. 

After splitting the amplitudes as appropriate, we can always write the initial 
datum so that the following condition is satisfied. 

Condition 1. For every fi there is I — l{fi) such that t:i{0, x)hfj_{x) — /i^(x). 

The standard nonlinear geometric optics Q applies when Im?/'^ = 0; then, one 
looks for asymptotic solutions to ( |2.l| ) in the form 

u^{t,x) ~ uo{t,x) + ^^e^ Uj (t, X, ip{t, x) / e) , e ^ 0, 

where uo G C°°{n;K) and Uj G C°°{Ti x R";C^) are 27r-periodic in the last 
variable, i.e., Uj{t,x,6 + 2-ng) = Uj{t,x,0) for g G Z™, whereas tp G C°°(n;R") 
is the vector of the m real-valued phases (p^{t,x), with dipfj, ^ 0. In the semiHnear 
case, one can set mq = and let the sum start from j = 0, thus, getting a fully 
nonlinear geometric optics solution. The functions Uj{t,x,d), in particular, are 
called profiles, and, in view of the periodicity, they are better defined as functions 
of class C°°(n X T'";C^) where T = R/27rZ is the torus; on representing such 
profiles by means of the Fourier series, one can see that they are generalization of 
the purely exponential profiles of the linear geometric optics, 

u^t,x) = Y,alit,x)e^^^^''^^/^ 

with the main nonlinear effects accounted for, namely, 
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1. generation of harmonics: in addition to the fundamental harmonic 6*^^", aU 
the other harmonics e''^^'^^', € Z are accounted for; 

2. resonance of phases: the m phases (^^ are deah with aU together so that 
the interaction among them can occur through terms of the form {g, tp) = 

Analogously, we have to address the proper nonlinear generalization of the com- 
plex geometric optics ansatz, and references therein], 



Here, (f) = {(t>^)^ is a vector of complex-valued phases, cf., definition 2.1 . 

In section ^, we shall define the space PC^^(fl; C^) of oscillatory complex geo- 
metric optics profiles lA{t,x,z); roughly speaking those are smooth functions of 
(t, x) & nandz = 9 + ir€ C™, with 6* G T"* and r G R+ , that can be written as a 
superposition of harmonics of the form e*^^'^^"^'*''''^ for (.9,7) £ x W" satisfying 
the conditions 5 7^ (oscillatory profiles) and \g^\ < 7^. 

For p > 0, we search for approximate solutions in the form 

v%t,x) ^uo{t,x)+ePU^t,x,(l3/e), W = U^^^ +eU^^\ (2.5) 

where U^"^ £ PC^^i^; C^), i = 1, 2, and where (j) G C^{Ti; C") is a complex phase. 
We put p = 1 in the quasilinear case and uq = 0, p — in the semilinear case. 

We shall see in section ^ that the space of oscillatory profiles PC^^ is a subspace 
of the algebra PC°° of generic complex geometric optics profiles, but it is not a 
subalgebra: oscillatory profiles exclude all the cases in which rectification effects [|o) 
are present, that is, when the nonlinear interaction of two oscillatory waves gives 
rise to a non-oscillatory wave that sums up to the background field uq. This leads 
to a technical assumption on the nonlinear operators derived in the next section 



2.1. Formal expansion and rectification. Upon substituting (2.5) into (2.1), 
straightforward calculations show that 

L{t, X, v", dv') = eP-^P(t, X, d„d^)U^°^ {t, x, <j>/e) 

+ eP [P{t, X, d,,ck)U^^^ {t, X, <\>le) -f iV(ZY(°))(i, x, 0/e)] (2.6) 
-t-0(ef+i), 

for e — > 0. Here, p = \ and NiJA) ~ SSt^iJA) in the quasilinear case whereas p = and 
N{U) — L{t,x,U,dU) in the semilinear case. The foregoing expansion is obtained 
by the same formal calculations as in |^ with only two differences: we restrict our 
analysis to finite order accuracy and we find the derivatives {dz , d^) instead of dg. 
The linear and nonlinear operators occurring in equation ( |2.6| ) are 

m 

P{t, x,dz,dz) [i^t^f^ + ^o(^' ^)9x4'f,)dz^ + (5t^^ + Ao{t, x)dx'^^)dz^ 
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and 



+ {duA{t,x,uo)U^)d^U+((hA{t,x,uo)U^) 
+ (duA{t, X, no)U^) d,^M] + (daF{t, x, uo)U + chiF{t, x, Uo)U 

+ (duAit, X, uq)U + duA{t, X, uo)ljj d^uQ. 

We note that exhibits a non-hncarity of Burgers type due to the differentials 
{duAj,duAj). The nonhnear terms in N(U) are polynomials in U,U (in the semi- 
linear case this follows from assumption [l]) , thence N{U) maps the algebra PC°° 
into itself; we assume that the nonlinear terms are such that rectification does not 
occur, i.e., the oscillatory character of profiles is preserved. 

Assumption 4. The nonlinear operator N : PC°° —>■ PC°° restricts to an operator 
: PC^^ -> PC^^ still denoted by N. 

In the present context, rectification behaves exactly in the same way as for 
periodic profiles of standard geometric optics; we refer to the paper by Joly, Metivier 
and Rauch for further details and examples. 

2.2. Complex phases. The complex phase (j>{t,x) is obtained as follows. Let us 
consider the smooth vector fields, 

Vi{t,x) = 9t + Xifi{t,x)dx, V^{t,x) = Vi(^)(t,a;), 

where l{p) is defined in condition [I[ The integral lines of Vi are just the standard 
geometric optics rays. 

Assumption 5. For every fj, £ {1, . . . ,m}, the integral line ofVf^ passing through 
x°^ ^ is defined in a neighbourhood of [0, T] and crosses transversally at the 
lateral boundary dfl \ X° . We denote by Rfj,j the intersection of the integral line 
with fl, then {-Rp,^}^,£ is a family of disjoint one- dimensional submanifolds of 

It is worth noting that integral curves of are always transversal to the space- 
like sections X*, hence, R^^i is of the form {t,x^^i{t)). Upon defining s = x — x^/{t) 
we obtain a coordinate patch k : Of^j 3 {t,x) {t,s) G [0,T] x Xj, with Of^^g a 
relatively open neighbourhood of R^^e in and Xg an open interval in R containing 
zero. Such coordinates have the submanifold property for i?^/, i.e., n O^^f is 
mapped into {s — 0}, and, since the curves R^,/ do not cross each other, we can 
take the sets O^j pairwise disjoint. Let us define the complex phase (j)^ in each 
relatively open O^^g by 

(l)^{t,x)^(Pf,j{t)+^f,,e{t)s + <i>f,j{t)s^/2, s^x-Xf,^e{t), (2.7) 

where ip^,(i,^^,e e C°°([0, T]; K.) and $ e C°°{[0,T];C) are unknown functions, 
cf., section 4 of Part I. We set (pa{t) — tp(x°^^) which is real because of assump- 
tion H The remaining unknowns are determined by the system of linear ordinary 
differential equations 
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with initial values 

where d'il:^{x°^ () is real and (i^Ini?/;^(x° £) > 0. The coefficients are given by 
a{t) = dXii^f,)fl/dx\R^,, (3{t) = d'^\^,)fl/dx^\R^,. 

The foregoing construction of the complex phase is a special case of the more 
general procedure addressed in section 4 of Part I, cf., in particular, remark 4.2 of 
Part I. Here, it is worth noting that the nonlinear coupling between the real and 
imaginary parts of the phases is no longer present: this entails the fact that in one 
space dimension diffraction does not exists. 

The solution is global on [0,T] and one can see that Im<i>^,£(<) > in [0,T], cf., 
also, remark 4.3 of Part I. The following result can be proved either directly or by 
proposition 4.4 of Part I. 

Proposition 2.2. Let assumptions |^ and |^ be satisfied together with condition 
and let (j)^, /i G {1, . . . , m\, be complex phases satisfying (2.7) in each O^.^ . Then, 

V^it,x)<P^{t,x) = 0(|s|3), ^^it=o{x) - ^^x) = OdsH, 

in Ofij and 0° ^ = O^^j D X° , respectively. 



However, we see that the expansion (2.7) does not determine the phases globally 
on SI. Hence, we define an equivalence relation in C°°(S1; C™), cf., also Part I, 

0, G C°°(S1; C"') are equivalent iff the components 0^, (j)'^ have the 

(2.8) 

same Taylor polynomial of degree k in the variable s near -R^,i for all £. 



Then, (2.7) characterizes an unique equivalence class (with k — 2) and any rep- 
resentative element cf) satisfies Im(/)^ = on R^,e for every £; we pick so that 
Im(/)^ = only on [JgRfj..i. The union i?^ — IJ^ is a closed one-dimensional 
submanifold in SI called reference manifold for cj)^; analogously, R = [j^ R^ is the 
reference manifold for (p. 

2.3. Profiles. The oscillatory profiles of complex geometric optics are superposi- 
tion of harmonics e^^9,s)-{j,r) -^^rith (3,7) G Sqsc and 

See = {(5,7) e±^x IN™; g = (5^), 7 = (7a.), \9,\ < 7^1, (2-9) 

is their spectrum, = \ {0} and IN™ = IN™ \ {0}. This very specific form of 

the spectrum is motivated in section ^. 

Let (j){t,x) be a representative for the equivalence class characterized by (2.7), 
and let us define the following sets, 

^"^ = {{t, x,g,j)€Tlx Sosc; Im*(<?, 7; ^) = 0}, (2.10) 
= {{t, X, g, 7) e det aL, (t, x, d^{g, 7; 0)) = 0}, (2.11) 

where '^{g, 7; 0) — {g, f) + i(7, x)t f — ^^4' and x = Imc/). We have, in particular, 
Im5'((ji, 7; (f)) — (7, x) — 0; since 7^ G IN and X/i vanishes only on the disjoint curves 
Rii,e.: Si"^ is constant over each reference manifold i?^, namely, 

m 
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where 

= {(5' 7) e Sosc; 7 = (7i>)<> with 7^ = for v ^ 
is independent on (p; when ((7,7) € S^, the imaginary part of the complex phase 
^'(g,7;(/)) = gfi^fifj, + i7/iX/j vanishes on i?^ only. The crucial point is that, in one 
spatial dimension, also 'to'^ is constant over each and this, roughly speaking, is 
the coherence property we need, cf., section]^. 

Proposition 2.3. With assumption |^ a nd and condition |^ satisfied, let (f) 6 
C°°(f7; C™) be a complex phase satisfying near R, then = 

Proof. By definition "^"^ C The converse can be proved on noting that, for 

(f, X, 51,7) G there is /i G {!,..., m} such that G i?^ and ^'(g, 7; 0) = 

+ ''■Ifj.Xfi which solves the equation 

V^{t,x)^{g,r,^) = 0{\sf), 

near R^. From the identity det aLoit, x, d'^) = [Vi{t^ x)"^{g,"f; 4>)]"^' , the prod- 
uct being over all the eigenvalues A/ with the corresponding multiplicity to/, we 
have det ctlq (t, x, c?^') = on i?^. □ 

Proposition 2.4. Under the same hypothesis of proposition /or every (17,7) G 
and ^ 7^ one /las 

|Vz(i,x)vI/(.g,7;(/')| >C>0, 
near the one- dimensional submanifold R^. 

Proof. If there would be an I such that, for every C > 0, |V/^'(g, 7; 0)| < C in a 
point on R^, then, in that point, |A/.o — ^l{p,).o\\^x^^l\ < C against the hypothesis 
of strict hyperbolicity for which A; should be distinct with a uniform bound on the 
distance. □ 



Let us now define the cut-off functions a;^.^ (t, x) as in section 6 of Part I: we pick 
^1,1 e C'^f (0°^), Oi l, = Of,^e n X", such that = 1 in a neighbourhood of the 
point ^ and we make use of the coordinates (f, s) in order to extend w° ^ to the 
relatively open ^ C J7, namely, we set ujf^j{t, s) = a;° ^(s). 

By using the series representation for oscillatory profiles, cf., section ||, 

U{t,x,z)^ J2 Uit,x,g,j)e^^^a''<-'^\ 

(g.7)eSo„c 

and the functions ^^^^(t, x), we define the operator 

m{t,x,z)= 'r(i,x,g,7)C/(t,x,5,7K*^^'^'^\ (2.12) 

(s,7)eSo.o 

where 7r(i, a;, g, 7) = Ci;^_£(t, x)7r/(^) (t, a;) when (5,7) G S^, otherwise we set 
arbitrarily i:(t,x,g,^) = /. Analogously, we set 

QU{t,x,z)^-i ^*(i,a;,5,7)f7(t,a;,5,7)e'*(^'^^^\ (2.13) 

where ^"^{t, x, g, 7) is a smooth extension (e.g., obtained by using a;^,^) to a compact 
neighbourhood of i?^ of 

^ {Vi{t,x)^ig,r,q^))y^7ri,{t,x), {t,x) G i?^. 
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when (3,7) £ and we set arbitrarily ^'^{t, x, g,j) — otherwise. The operator 
Q is well defined in virtue of proposition Let us define the equivalence relation 
two Fourier multipliers Ai,A2 : PC^^ PC^^ equivalent iff 
for every /x their coefficients with (3,7) G have the same Taylor (2.14) 
polynomial of degree A: > in the variable s near i?^. 

Then, we can take any other pair of Fourier multipliers that are equivalent to (^.12 ) 
and (2.13) with k = 2 and fc = 0, respectively, cf., also propositions ^]l] and |5.2| . 
The profiles in (2.5) are given iteratively by 

W(°)(t,a;,z) = m{t,x,z), U'-^\t,x,z) = -QN{U^^^){t,x, z), 

where H G PC^j.(0; C^) is a smooth extension to a compact neighbourhood of R 
in of the solution U e PC^^{R; C^) of the following Cauchy problem. First, let 
us write z — 6 + ir and define 

ni 

B{t,xM)d9U = [dxV,.duAU + da,^^d^AU\dgJA, 

C{t, xM)U = {duAU + duMA)d^uo + {duFU + duFU), 

in the quasilinear case and _B = 0, C{t,x,U)U — F{t,x,U) in the semilinear case; 
the latter definition of C is consistent since F{t,x,0) = in view of assumption 
0. Finally, let Eq be the restriction of E to the reference manifold R. Then, 
U E PC^^{R; C^) is determined by the transport equation on R 

(/ - Eo)W = 0, 

I]o[Lo + B{t,x,U)de + C{t,x,U)]U = Q, {t,x) e R, (2.15) 
Uit=o{x,z) ^H{x,z), X eR° = Rf\X°, 
where the initial datum is defined by the condition 

h^x) :^n{x,iP{x)/e). 

The profile H € PC^^{X°;<C^) is obtained by defining its Fourier coefficients 
H{t, X, g, 7) = h^{x), for g ~ 7 = (0, . . . , 0, 1, 0, . . . 0), with the unit in the /i-th 
entry, and H = otherwise. Condition |] implies (/ — Eo)7i|/jo = 0, thus, Ti. is 
admissible as initial condition for equation ( |2.15D . The well-posedness of ( 2.15| ) is 
addressed in section ^. 

2.4. Main res ult. With the equivalence classes of complex phases and profiles, 
the ansatz ( ^.5[) yields an equivalence class of approximate solutions. We note that, 
from one hand, the equivalence class of phases is readily determined by solving a 
set of ordinary differential equations; on the other hand, the existence of profiles is 
subordinated to the well-posedness of the Cauchy problem (2.15) which is proved 
in section ^ 

Proposition 2.5. Let assumptions\^^ be satisfied and let us write the initial datum 
so that condition^^ holds true. Then, there exists an equivalence class of functions 
€ C°°(f7; C^) such that, for e G (0,£o], < Eq < 1, 

^) l"ft=o ~ ^ft=ol — C'i£^^2 uniformly in X°; 

a) \L{t,x,v^ ,dv'^)\ < (726^^5 uniformly in Q,. 
Here, p = 1 in the quasilinear case and p = in the semilinear case. 
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As for the existence of the exact solutions m^, the pointwise argument used in Part 
I for the hnear theory fails for nonlinear equations as the lifespan of each solution 
depends on e. In order to obtain a family of exact solutions {u'^}e bounded in 
L°°, we need to control higher order derivatives so that we can apply the Sobolev's 
embedding theorem; on the other hand, applying with k large enough leads to 
terms of order e~'^, h > 0, that are unbounded when e G (0, £o]- Therefore, it is 
natural to work with conormal distributions ^ and references therein] as in 
the approach of Alterman and Ranch to short pulses |l^ . The development of 
this ideas is left for future work. 



In this section, denotes a generic smooth complex manifold with boundary 957; 
we shall define complex geometric optics profiles over f2, that is, functions U{y, z) 
oi y € ^ and z = {z^) £ C™ with Imz^ > and with the following properties: 

(i) smoothness with respect to all the variables; 

(ii) periodicity in Rez, that is, lA{t, x, z) = U(t, x, z + ^irg), for any g £ Z™; 

(iii) closure of their space with respect to nonlinear partial differential operators 
with polynomial nonlinearity and coefficients in C°°{fl). 

Let us recall that, in standard geometric optics, periodic profiles are functions 
that belong to C°°{Ti x T"; C^). We shaU replace the torus T with = C+/27rZ, 
where the action of the group 27rZ on the "upper-half" complex plane C+ = {w G 
C; Imw > 0} is w i-> u) + 27m, w e C+ and n G Z. We see that TJ? ^ T" x since 
any z G T™ can be written in the form z = 9+ir with G T™ and r G E,™; the torus 
T™ is identified with T™ x {r = 0}. Now, a function U of class C°°{n x T'^; C^) 
satisfies conditions (i) and (ii) automatically. 

Definition 3.1. The spectrum of a generic complex geometric optics profile is 



where U{-,g,^) G C°°(f7) and \Xi - ■ ■ XMU{y,g,^)\ < Ca\{g,-f)\ ^ for every set of 
smooth tangent fields Xi, . . . , in U, and for every fc G M. 

Remark 3.2. If not specified the target space of profiles U is the tensor algebra of 
and PC°° (ft) is an algebra with respect to the pointwise tensor product. 

Remark 3.3. One may define profiles with the spectrum being the whole x IN™. 
The particular choice of the spectrum S is motivated as follows. In the linear com- 
plex geometric optics one considers harmonics u±{z) = ae^^^~^ ; on starting from, 
these functions, a polynomial nonlinearity generates a profile with the spectrum con- 
tained in S. The choice of such a minimal spectrum greatly simplifies the analysis 
of the characteristic set "^"^ and, thus, of the coherence for complex phases. 



For every function U G PC°° , Xi • ■ • XnO'^^gU is bounded on x TJ!' and PC 
is a Frechet space with seminorms 



3. Complex Geometric Optics Profiles 




(3.1) 



(3.2) 



mik^ sup|(Xi,...,X„)"<,-W(y,z)| 



\a\ + \p\<k 
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with Xi, X2, . . . , Xn being the generators of the Lie algebra of smooth vector fields 
on fl: this is the C°°-topology on x T™. Particularly, that PC°° is closed can 
be proved by using the following expression for the coefficients U. As a function of 
{9 = Rez,r = Imz), the profile lA{y,z) — U{y,9,r) can be extended to a function 
of (?/, 9, w) with w G C™ = Rc(w^) > 0; then, we have 



U{y.9,l) = (^) j^^^ ( j^^U{y,9,w)e~'^3''U9)e-'^^^^Uw, 

where iT™ = {w € G"^\w = i9' , 9' G T™}. The foregoing representation of 
the coefficients is continuous : PC°°{n) C°°(ri) with both spaces equipped by 
the C°°-topology; a Cauchy sequence in PC°° corresponds to a family of Cauchy 
sequences for the coefficients that are, therefore, convergent in C°°{^1); then their 



limit satisfies the estimate of definition 3.1 and it defines a function which is the 
limit of the Cauchy sequence in PC°° we started from. 
Through straightforward calculation we get 

d^^Uiy, z) = ^ + j^)U{y, g, j)e^n9n;^)^ (3.3a) 
(9,7) 

d,^U{y,z) = ^(5M -7M)C>(y.5,7)e'*^«'^^"\ (3.3b) 

hence, PC°° is closed for constant coefficients partial differential operators. In 
particular, U(jj^ z) is holomorphic in z iff [/(y, (7,7) = when g ^ 7. In addition, 
PC°° yields an algebra with respect to pointwise tensor multiplication as envisaged 



in remark 3.2. In order to see this, one can write the product of any Ui,U2 S PC° 

U,{y,z)U2{y,z)^ J2 E ^i(y,5i,7i)^2(y,52,72)e^*(s^+^-^^+^=^^) 
(91,71) (92,72) 



E 

(9,7) a':i'<i 



where g = gi + 52 , 7 = 7i + 72 , 5' = 52 and 7' = 72 and one can see that the 
series between brackets converges to U3{y,g,j) in C°°; we see that (17,7) G E since 
ISmI ^ l^i./Jj- l52,/i| < 7i,M + 72,At = 7m and f/3(2/,5,7) satisfies the requirements of 



definition 3.1 



Proposition 3.4. The algebra PC°°{^1) constitutes a C°° {fl) -module closed with 
respect to nonlinear differential operators with polynomial nonlinearity and coeffi- 
cients in C°°{fl). 

Proof. We have already shown that PC°° is an algebra closed with respect to con- 
stant coefficient partial differential operators. For any / G C°°(f7) and U G PC°°, 



the product f{y)U{y,z) is again of the form (3.2) with coefficients fiy)U{y,g,j) 



satisfying the requirements of definition 3.1, hence, fU G PC°^ . This means that 



PC°° is a C°°(n)-module, thus, it is closed with respect to any partial differential 
operators with coefficients in C°°(r2) and, being an algebra, we can also account 
for polynomial nonlinearities. □ 

Let us now introduce the subspace of oscillatory profiles which is used in the 
formulation of the ansatz (^.5[). 
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Definition 3.5. The space PC^^{fl) is subspace of profiles U G PC°°{^) with 
coefficients U{t, x, g,j) = when g — 0. 

The subspace PC^^ is closed in the C°°-topology discussed above, but it is not 
closed for the pointwise tensor multiplication as rectification occurs pOl . According 



to definition 3.5 the spectrum ofU E PC^^ is contained in Sosc defined in (12 



4. Solution in the Space of Formal Oscillatory Series 



According to the formal expansion of section 2.1, the unknown functions should 
be determined so that 

P{t,x,d,.,ck)U^°^{t,x,cl)/e)^0{e^), (4.1) 
P{t, X, 9„ a^)i^(i) {t, X, <i>le) + 7V(W(°))(t, x, = 0{e^), (4.2) 



with the operators defined in section 2.1 



If equations ( |4.1| ) and ( |4.2| ) are uniformly satisfied in and the remainders in 
equation ( ^.(j ) are continuous in the compact domain f2 and bounded for e £ (0, EqIj 
we can conclude that L{t,x,v'^,dv'^) = 0(£2) in the quasilinear case (p = 1), with 
the fully nonlinear estimate L{t, x, w^, dv^) — 0{e^) for the semilinear case {p — 0). 

First, we consider the operator P{t, x, dz, dz) acting on formal oscillatory series, 

Uit,x,z)^ J2 Uit,x,9,j)e^^<-a'''--'^\ 

(s,7)6So.c 

By using equations (|3.3[) we readily get 



PU{t,x,z)^ aLo{t,x,d^{g,r,cl^))U{t,x,g,j)e'''^^^^-''\ 

(s,7)es„3c 

where ctlq is the principal symbol of the linearized operator. Hence, P amounts to a 



Fourier multiplier with coefficients {t, x, d'^{g, 7; . Equation (4.1) is formally 
satisfied if each term of the series evaluated a.t z = (j)/e is 0{e^) uniformly in Q. 

Here is where the coherence of complex phases comes into play: we have to fulfill 
an infinite set of complex eikonal equations by using combinations ^{g,"f;(f>) of a 
finite number of complex phases. In several spatial dimensions this is a very strong 
condition, but in a single space dimension and with the spectrum of profiles defined 



in section the com plex phases determined in section 2^ are always coherent as 
shown in proposition |2.3|. 



First, let us consider two formal Fourier multipliers equivalent to (2.12) and 
( 2.13| ) modulo the equivalence relation (2.14) with k = 2 and fc = 0, respectively; 



we still denote such operators E and Q. We want to prove that E amounts to the 
projector onto the approximate kernel of P and Q amounts to approximate partial 
inverse of P in the space of formal series. 

As in the linear theory, the key argument is based on the following estimates 
proved in Part I. 

Lemma 4.1. Let k > be an integer, (j)^ Lp + ix E C°°(H; C), / £ C°°(U) and let 
S G be any (non-empty) set such that S D {x(^; ^) — 0} — 0- Then, 



e 



< Cfc, for every {t, x)ES,ee R+, 



where Ck = k'^e sup^^ .^-^^-g\f{t,x)/x''{t,x)\. 
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Lemma 4.2. Let (j) and f be as in lemma (.l and let R ~ {Ini0 = x = 0} &e a one- 
dimensional submanifold admitting coordinates {t, s) ~ K(t, x) on a neighbourhood 
O C as discussed in section \2^ . We assume x(t, s) > c\s\'' in [0,T] x Ig, with 
c > and q > an even integer. For every fc g t G [0,T] and Si, S2 S Is with 
Si < < S2; there are constants Ck such that 

|(/(i,s)-5]c„(t)s")e^'^(*^^)/^| <et sup \dl' f{t, s)\Ck, 

n<k s,<s<S2 

uniformly s 6 [si,S2], e G 11+ , and this estimate can be made uniform in [0,T] x 
[si,S2]; here, f{t,s) = f o K^^(t^ s) and analogously for the other functions, whereas 
cnit)=d^f{t,0)/n\. 



Remark 4.3. It is worth noting that the complex phases 6^ obtained in section 2A 
are such that Xt^itj s) > c|sp, then we can apply lemma ^ with q — 2. 

Let us recall that a Fourier multiplier applied to formal series is 0{e^), ft. G R, 
when all the Fourier components of its image evaluated at z = (p/e are 0(e'') 
uniformly in il, £ G (0, Eq] where < Eq < 1- 



Proposition 4.4. Any formal Fourier multipliers E and Q equivalent to (2.1i) 
and (2.1c ) defined in section satisfy 

— E = 0(e2)^ (E is an approximate projector), 

3 

PE = EP = 0{e'^), (E projects into the approximate kernel of P), 

is an approximate partial inverse of P). 



Proof. Let u^^^^ be functions defined in section 2_^, cf., also the proof of proposition 
2.5 of Part L The Fourier components of E^ — E are estimated by 

the sum being on both /i and I. In the first term Lii^' never vanishes in the support 



of (1 — '^i^^ii)', thus, we can apply lemma 4.1 and we get the estimate 
|(1~ Vc.^,,)(7r2-7r)&e'*/^| 



< e'^sup [1(1 ~ ^c^^,,)(^2 _ ^)c/|/(im^)fc]Cfc, (4.3a) 
s 

for every fc G IN and uniformly in fJ; here, S = Q.C\ supp(l — X]'^^/)- for the 
remaining terms, we have to distinguish each case, according to the definition of tt. 
If (5 1 7) £ ^A" '^^ have 

'r'-^-7r2^)-^/(^)+0(|s|3) = 0(|sn; 

we can apply lemma 4.2, with k = 2> and q = 2, and get 

|w^^,(7r2-7r)C/e^*/^| < ei sup [^^(^^^.(Tr^ - ^)[/) |C, (4.3b) 

in ri. If ((7,7) G Si/ with i/ ^ /i or ((7,7) ^ Si U • • ■ U S^, we have Im^I^ > in 
supp(w^/) and we can apply again lemma 4.1 with the result that 

|c^^,,(7r2 - ^)^e'*/-| < e'^sup [\uj^^e{TT^ - 7r)^|/(Im*)^] C^, (4.3c) 

s 

for every fc G M, uniformly in fl and, here, S — flH supp(ti'^_£). 
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Analogously we estimate the Fourier components of PIE on noting that when 
(5, 7) G we have 

in view of proposition |2.2| and the same holds for ■n^—iaLa)- 

The argument is repeated also for the last assertion, on noting that, 

= m'{t,x)\,^^+0{\s\) 

= {I-n{t,x,g,-/)) + Oi\s\), 
when ((7,7) G T,^. The same also holds for ^'*crL„. □ 



We can now go back to equations and ([4.2|). Le t us simplify the notation 
by writing Uj instead of U^^'' for j ~ 0, 1. Equation ([4.l[) reads 

PUo = P'EUa + P{I - ^)Uo = 0(e5), 

which is equivalent to 

P(/-E)Wo =0(£^). (4.4) 
Upon multiplication by the partial inverse Q, this yields (/ - E)i^o = 0(£2), but 
this is not sharp as we shall see in corollary 4^ below. Moreover, on multiplying 
equation (42) by IE we find the necessary condition 

EiV = 0(£^), (4.5) 

whereas, on multiplying by / — E and on setting EWi = 0, we get 

(/ - E)F(/ - W)Ui + {I - E)N = 0(e5). (4.6) 

Corollary 4.5. Let Uq, lAi, V ~ NilAo) and W be formal oscillatory series with 
EV O(e^) and [I - E)W = 0{e^). Then, 

a) equation (4-1) *s equivalent to {I — E)Z//o = O(e^), 

b) the formal solution of equation is Ui = —QV + W. 



Proof, a) We have just shown that equation ([4.l[ ) is formally equivalent to (4.4) 
which is implied by (/ — Wi)Uq — 0{e^). We have to show that this is a necessary 
condition too. It is enough to look at the Fourier coefficients of P{I — E)Wo with 
(g, 7) e in the support of ujf^j that are 

J2 iViit,x)^)Mt,x)Uit,x,g,j) + Oi\s\^). 



In view of proposition 2.4, \Vi{t, x)'^\ > C > in the support oiun.i, at least after 
shrinking the open sets O^^ in the s direction, thus, equation (4.4) entails 

7r,(t,a;)C/(t,x,5,7)e^*/" = 0(ei), 

and on the left-hand side there are just the coefficients of (/ — E)Wo. 

b) Let us note that, PQV = (I - E)V + 0{£^) = V + 0{e^), whereas PW = 
P{I - E)W + 0(£i), with P{I - E)W = 0(£5) by hypothesis. □ 
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5. Solution in PC^^ and the Transport Equation 



In this section, we shall deal with the convergence of the formal series addressed 
in section ^ 

By definition we know that \U{t, g,j)\ < Ck\{g,j)\~'^ for every fc S IN 
uniformly in Q, and the same holds for any derivative d^d^U{t,x, g,^). On 
the other hand, (TLo(i, x, c?^'((7, 7; i/i)) is homogeneous of degree 1 in (5,7) so that 
<^LaU = 0(|(g, 7)1"*^) for every k, hence, the series of such coefficients is uni- 
formly convergent in x T"\ Moreover, the same holds for the coefficients of 
dfd^PU{t,x,z), hence, P is continuous : PC°° PC°° and restricts to a con- 
tinuous operator : PC^^ — > PC^^ still denoted P. This is easy because P is a 
first-order differential operator, thus, it is clearly well defined on C°° functions. On 
the other hand, the case of E and Q requires some efforts. 



Proposition 5.1. The formal operators (2.1i) and (2.1c ) are continuous Fourier 
multipliers : PC^^ — > PC'^'^ for which the formal estimates proved in proposition 
{.Ji and corollary J^.L are rigorously valid in PC^^. 

Proof. liU ^ PC°° and a G IN^, (7r(i, x, g, 7)C/(t, a;, 5, 7)) | < C|(g,7)|-'= for 
every fc g IN since the coefficients 7r(i, x, g, 7) and all their derivatives are bounded 
for [t,x) G Tt and (5,7) G E. Therefore, E is continuous : PC^^ PC^c- 



As for (|2T|), if (5,7) G S^, for every fc G IN 
1^^^,^,5,7)1 < 



TTl'{t,x) 



Vv{t, x){g,ip{t, x)) 



in a compact near i?^, hence, < C|((7,7)| ^ in virtue of proposition 2.4. We 
need to control the derivative (9t^'* only. We have 



9t7r;/(t, x) 



Vv{t,x){g,^) {Vi,{t,x){g,^)) 



dt{Vv{t,x){g,^)) 

^TT;/ (i, X) 



{t, x) G iT!p 



dt^nt,x,g,-f)^Yl 
I'^i 

thus, \dtJS^\ < C|(5,7) 
higher orders, i.e 

As for the formal estimate in proposition 4.4, it is enough noting that the coef- 
ficients in the right-hand sides of estimates (4.3) and analogous are all as rapidly 
decreasing as U, hence, the corresponding series are absolutely convergent. The 
same holds also for corollary |4.4 Q 



again because of proposition 2.4 and this extends to 
l^r^-^l < C'«|(5,7)r^ Then, Q is continuous : PC~^ ^ PC^^. 



Now we prove that the estimate of proposition 4.4 and corollary 4.5 hold for any 
pair Fourier multiplier E and Q that are equivalent to ( 2.12| ) and ( 2.13| ), respectively. 
More generally, the next result shows what happens when one varies a Fourier 
multiplier : PC^^ — > PC^^ within a fixed equivalence class. 



Proposition 5.2. If Ai and A2 are Fourier multipliers : PC^^ PC^^ equivalent 
modulo the relation ( 2.1^ ), then Ai — A2 = 0{e~^) uniformly in fl. 

Proof. Let s /jit, x,g,j) be the coefficients of Aj. We apply our usual argument of 
propositions [4.4| and |5.1| , and we write 

|K -^2)C/e^*/"| < 1(1 -^c^^,£)K -^2)C/e^*/"| +^ Ic^^.^K -^2)C/e^*/% 

with the sum being over both fj, and i. For the first term we apply lemma 4.1 
and show that it is 0{e°°). The remaining terms are estimated again by lemma 
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4.1 if (3,7) G S,y with V ^ /i or ((7,7) Ei U • • • U Sm and by lemma 4.2 if 



((?,7) G which , in particular, gives the 0(e « ) estimate with q — 1. Moreover, 



as in proposition 5.1, the series are convergent. 



□ 



On the basis of proposition 4.E , strengthened in proposition 5.1, we have to find 
Uq such that (/ — E)Wo = 0(£^) and EA^(Wo) = O(e'). We start with the analogous 
of proposition 5.1 of Part I. We shall denote by Eq the restriction of E to a Fourier 
multiplier : PC^ (i?; C^) PC^ (i?; C^). 

Proposition 5.3. Let U G PC^^{R;G^) be such that {I - Eo)W = and let 
U_ G PC^^{il;<C^) be a smooth extension of U to a compact neighbourhood of R. 
Then, o n defin ing Ua{t, x, z) = WAit, x, z), E being any operator that belongs to the 
class of {2A^, we have 



(/-E)Wo(i,a;,0/£) = 0(£2)^ and Uo{t,x,(t>/e) - U{t,x,4>/£) ^ 0{e^), 
the estimates being uniform in il. 

Proof. The first claim is a consequence of the first estimate in proposition 4.4 



strengthened in proposition 5.1; the second one comes from (/ — Eo)iY = upon 



Taylor expanding the Fourier coefficients of E in a neighbourhood of R in the 
expression for Wq. □ 

Let us, now, consider the solvability condition 'E,N{UQ){t,x,(t)/£) — O(e^) which 
is well-posed since the image of N belongs to the domain of the approximate pro- 
jector E in view of assumption ^. 

Proposition 5.4. IfU G PC^^{R; C^) solves the system { 2.1^ andU is defined as 
in proposition 5.5, then IAq = WLi_ fulfills the estimates (/ — E)^Yo(i, x, 4>/ e) = 0{e^) 
and EN{Uo)it, x, 4>/e) = 0{ei). 



Proof. By proposition 5.3 we already know that (/ — E)Uo = 0{s^), for every 
solution U. As for the remaining estimate, we look at the Fourier coefficients of 
EiV(Z//o) and note that, when they are evaluated on R, they amount exactly to the 
coefficients of 

Eo [Lo + B{t,x,U)de +C{t,x,U)]U, 

and, thus, when U is a. solution of ( 2.15| ), the coefficients of 'EN{Uo) are 0(|s|) near 
R. The nonlinear terms in ^Mo{Uq), in particular, amounts to 

B{t, x,Uo)deUo + ^(5„AWo + duAUo)d:,x^dy^i^o, 

and the coefficients of the differential operator dxXfi^y^ are — dxXulfi — 
da;Im^ = 0(|s|) near R. Then the estimate is proved via usual arguments. □ 

Therefore, one can construct the extended profiles by solving the Cauchy problem 
for the system (2.15); specifically, one has the following result. 



Proposition 5.5. Let us assume that the Cauchy problem ( 2.lS^ is well-posed in 
PC^^{R;<C'^) and define the profiles as in section Then, equations (4-1) and 
( ) are satisfied and Uo\t=o{x, (j>\t=o/£) ^TC{x, 4'\t=ols) -f 0(e2 ). 
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Proof. Let U e PC^^{R;<C^) be the solution of the Cauchy problem ( |2.15D . In 



virtue of propositions 5.1 and 5.4, Uq = EU_ is such that PUo = 0{e^ ) and 



EiV(Wo) = 0(e2), miiformly in f2. Corollary 4.5 and proposition 5.1 ensure that 
the profile Ui = —QN{Uo) satisfies equation ( f4.2|) in the compact domain il. 

Finally, we have Uo\t=o{x A\t=^ h) = ^\t=oU{x,4>\t=o/£) + 0(£^), and (/ - 
IE|t=o)''^ = in virtue of condition nl □ 



6. Existence of Profiles 



In this section we shall addr ess th e well-posedness of the Cauchy problem f or the 
nonlinear transport equation ( 2.15| ). The strategy is to reduce the system ( 2.15 ) 



to the transport equation for periodic profiles and apply the classical results of 
standard nonlinear geometric optics. 

As in section ^ for every compact manifold fJ, we can argue that an element 
of PC^(,(0), regarded as a function U{t, x, 6, r), 9 = Re(z) and r = lm(0), can be 
extended to U{t,x,9,w) with w e C™ and Re(w^) = > 0. On evaluating the 
extended function for w = —i9', 6' G T™, we obtain the periodic profile 

U{t, X, 9, 9') = U{t, X, 9, -i9') e C~(n X T"* X T™), (6.1) 

which has been used in section |^ in order to represent the coefficients U{t,x, g,j). 
The argument can clearly be inverted: any periodic profile U{t, x, 9, 9') G C°°(ri x 
T™ X T™) such that U{t, x, g,h) = when {g, h) ^ Sqsc (the spectrum of oscillatory 
profiles) can be extended to a smooth function U{t, x, 9, w) with w e C™ and 
lm(w^) — r^^ > 0; then, we can set 

Uit,x,z) = U{t,x,9,ir), z ^ 9 + ir, (6.2) 



and this belongs to PC^^. The mappings (6J) and ( |6.2[ ) are one the inverse of the 
other, therefore, we have an injective linear map 

j ■.U{t,x,z) ^U(t,x,9,9'), (6.3) 

which is continuous in the C°°-topology and the image jPC^^ is a closed subspace 
of C°°{Tl X T™ X T'"). The projector P into the image jPC^^ of the injection 
amounts to the Fourier multiplier with coefficients 

^ , , , \ I, when {g, h) = (5, 7) e Eosc, 

^(^'^)-|o, otherwise. ^'''^ 

Prop osition 6.1. The complex profile U G PC^^{R;C^) satisfies the system 
(|j|) iffU ^ jU eC°^{Rx T" X T"; C") satisfies 

(/-F)C/ = 0, 

+ B{t,x,U)d0 + C{t,x,U)\U = {t,x)eR, (6.5) 

U\t=o{x,9,9') ^ H{x,9,9'), xeRnX", 
where F ^ PEq = EqP and H = jH. 

Proof Let Ni{U) = LqU + B(t,x,U)deU + C{t,xM)U and N2{U) = P[Lo + 
B{t,x,U)dg + C{t,x,U)]U. First, we note that Ni and are conjugated by 
J, that is, jNi{U) = N2{jU) and, when U belongs to the range of j, j~^N2[U) = 
Ni{j~^U). In addition, j, and the projector P commute with Eg. Therefore, 



by acting with j on the system (2.15) and recalling that jU = FjU one finds (|6.5D 
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with U = jlA. Vice versa, by acting on (3.5) by j and, on recalling that a solution 



U must belong to jPC^^, one finds the system (p.l5|). □ 



The transport equation ( |6.5[ ) is the restriction to R of the classical transport 
equation for periodic profiles on studied by Joly, Metivier and Ranch |^ with 
few slight modifications. This gives the existence of the solution. In what follows 



we give a somewhat concise discussion of the well-posedness for ( |6.5|) , based on the 
work of Joly, Metivier and Ranch on the existence of periodic profiles. 

Let us consider ( |6^ ) on each connected component i?^,^ of R. For {t, x) G Rij.,e, 
the coefficients of F are equal to TTi(^^){t,x) when (5,7) G and equal to zero 
otherwise (7r(t, a;, 7) is supported away from i?^ if (g, 7) G SoscV^ai and ^S^{g, 7) = 
if (5,7) ^ Sosc); hence, F evaluated on is a projector. As a consequence, 
(/ — ¥)U — imphes that U{t,x,g,j) = when {t,x) G (5,7) ^ and 

(/ — 7r;(^) (<, a;))C/(i, x, (7, 7) = when {t,x) G Rf_i,e and ((7,7) G S^. It follows that 
the non-zero coefficients of WLqU are 

""Um) ^) (^t + ^o(i, a;)aj;)7r,(^) {t, x)U (t, x, g, 7) 

= 7r;(^)(t, x)V'^(t, x)C/ + lower order terms, 

where {t,x) G R^.e and the smooth vector field Vf^{t,x) ^ dt + ^i(fi),o(t, x)dx is 
tangent to 

By using the time coordinate t G [0,r] to parametrize each Rf^j, the nonlin- 
ear transport equation ( ^.5| ) splits into a set of initial value problems for U G 
C°°([0,r];T") of the form 

'(/-F)C/(i,0) = O, 

< W[dt + B{t,U)dg + C{t,U)]U{t,e) ^0, 

The only difference, here, with respect to the standard theory of hyperbolic sym- 
metric systems on the torus T", is the presence of the projector F. On the 
other hand, with respect to the systems considered by Joly, Metivier and Ranch 
|6[ 1^] , the restriction to the reference manifold R has eliminated the spatial degree 
of freedom. 

For this simple case, the space S^iT) of periodic profiles §, 0] can be taken to 
be C([0, T]; i7"(T")), 7?"(T") being the standard Sobolev distributions on T" with 
index s G R. With the norm 

\\U\\ss^T) = sup ||C/(t)|l^s(Tr"), 

0<t<T 

S''{T) is a Banach space. In addition, the properties of imply that, for s > n/2, 
(o"'{T) is a Banach algebra embedded in L°°{[0,T] x T") in which the composition 
with smooth functions F{t,x, U) is continuous and bounded, [6-8, 15]. 

The projector F is continuous on S'^{T) and for every t G [0,T] the operator 
F(i) obtained by freezing the time coordinate in the coefficients is a projector in 
H'{T") orthogonal with respect to the L2(T") product. The range of F in *(T) 
is denoted ^^(T) and the condition (/ - F)[/ = 0, C/ G S"'{T) is equivalent to 
U G ^"(T). 

The well-posedness of such systems can be proved by means of Picard iterates 
along the usual lines. For sake of completeness we outline the main points without 



18 



OMAR MAJ 



proofs: details can be found in [6-8]. First, one considers the linearized system 

¥[dt + B{t,V)de + C{t,V)]U = Q, (6.6) 
with V,G e S"{T) being given. 

Theorem 6.2. IfV e S''{T) and H e ^"(0), with s > n/2 + l, then the linearized 
system (6.t) has a unique solution U G ^*(T) with 

\\Uml.<e'^'\\H\\l.', (6.7) 

for every t G [0,r], s' < s; here C = 1 + 119^, ■ A\\ + M{\\V\\ + \\deV\\) with norms 
taken in L°°{[0,T] x T"). 

Then, one construct the solution of ( |6.5| ) as the limit of a sequence Ui, U2, ■ ■ ■, 
U^,... of Picard's iterates: let us set Ui{t,e) = H{e) e S'(T), with H e ^^(0) 
and s > n/2 + 1, then let U„ G (f^(T) lov v>2 be the solution of 

' G ,yK^(T), 

< F[9t + B(t,C/,_i)9e + C(t,t/,_i)]t/, = 0, (6.8) 

Iterative use of theorem 6.2 yields a sequence C/i, G o/K*(T), > 1. 

Theorem 6.3. Let H G ^"(0) and s > n/2 + 1. Then, there exists t^ G [0,T], 
SMc/i t/iai i/ie sequence Uu is hounded in ^*(t*) and converges in yl^'^^^it^,) to U 
which is the unique solution of the considered Cauchy problem. Moreover, t^ can 
be made independent on s, so that, if H <E ^°°{0), U eC°^'{Tlx T"). 

Let us redefine T to be the maximum between the existence time for the 
profiles and the old T, then, theorem 6.3, proposition |6.lJ^a nd proposition ( ^.5[ ) 
imply the existence of complex geometric optics profiles in x T™. 

Corollary 6.4. There exists a class of equivalence of complex geometric optics 
profiles Uq and Ui satisfying the conditions stated in proposition (5.t ). 



7. Proof of the Main Results 

With respect to the corresponding result in the linear theory, proposition 2.5 of 
Part I, the proof is shorter as all the detail on the local structure of the wave field 



around the reference manifold R have been already accounted for in proposition 4.4 



and its strengthened version, proposition 5.1 



Proof of proposition 2.5. First, we address the initial values. The lowest-order non- 
linear complex geometric optics solution restricted to t = is such that 

u\^^,{x)~v\,^,{x)^eP[Y,K{x)e^''-(-y'-n{x,<t>\t=,{x)le)\ +0(e^'+^) 



e^Y^h^i, 



uniformly in X°, with p = 1 and p = in the quasilinear and semilinear case, 
respectively. We can apply to each term in the sum the same argument used in the 
proof of assertion a) of proposition 2.5 in Part I and we readily obtain the claimed 
estimate. 
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As for assertion b), we note that the remamders in equation (2.6) are smooth 



on Q, thus, in particular, they are bounded in Q and yields a contribution of 



order 0(e^^^). Then, by a straightforward application of corollary 6A and propo- 



sition (xE), we can find a solution of equation (4T) and (42), with the result that 



L(^,a;,^;^5^;^) = 0(£P+3). □ 
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